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ABSTRACT: A large number of well-equilibrated atomistic configurations of linear, strictly monodisperse
polyethylene (PE) melts of molecular length ranging from C24 up to C1000, obtained through extensive Monte
Carlo simulations based on chain connectivity altering algorithms, have been subjected to a detailed topological
analysis. Primitive paths are geometrically constructed connecting the two ends of a polymer chain (which in all
cases are considered as fixed in space) under the constraint of no chain crossability, such that the multiple
disconnected (coarse-grained) path has minimum contour length. When applied to a given, dense polymer
configuration in 3-D space, the algorithm returns the primitive path (PP) and the related number and positions of
entanglements (kinks) for all chains in the simulation box, thus providing extremely useful information for the
topological structure (the primitive path network) hidden in bulk PE. In particular, our analysis demonstrates that
once a characteristic chain length value (around C200) is exceeded, the entanglement molecular length for PE at
T ) 450 K reaches a plateau value, characteristic of the entangled polymeric behavior. We further validate recent
analytical predictions [Schieber, J. D.J. Chem. Phys.2003, 118, 5162] about the shape of the distribution for the
number of strands in a chain at equilibrium. At the same time, we show that the number of entanglements obtained
by assuming random walk statistics [Everaers, R. et al.Science2004, 303, 823] deviates significantly from these
predictions, which we regard as a clear evidence that by directly counting the entanglements and their distribution
functions, as proposed here, offers advantages for a quantitative analysis of the statistical nature of entanglements
in polymeric systems.

I. Introduction

It has long been realized that in dense, many-chain polymeric
systems, even if the excluded volume is zero, chain dynamics
is highly influenced by “topological” constraints, referred to as
entanglements, resulting from chain uncrossability. These
intermolecular constraints give rise to “reptation”1 dynamics that
is nicely captured by the “tube” theory2 and its numerous
extensions and generalizations.3-11 Although for polymeric
systems consisting of chains with open ends there is no
topological quantity to be discussed, algorithms have been
proposed to characterize the entangled state, to extract a multiple
disconnected path of either shortest contour length12-15 or lowest
energy,16,17 to identify the corresponding primitive path (PP)
(tube centerline), and to calculate the number of entanglements.
As described in ref 13, entanglements effectively restrict
individual chain conformations in a curvilinear tubelike region
enclosing each chain. For very short time scales, chain segments
are allowed to freely fluctuate in all directions until their
displacements become commensurate with the tube diameter.
Once the topological constraints are encountered, chain motion
perpendicular to the primitive path is restricted and polymer
segments diffuse along the PP. Doi-Edwards2 define the PP
as the shortest path connecting the two ends of the chain with
the same topology as the chain itself relative to the surrounding
obstacles.1,2,7,16,18-20 From a mathematical point of view, the
geometric procedure of extracting the primitive paths for a

system filled with polymer chains has a unique solution only
for the 2-D case. In the case of a 3-D simulation box, the
solution of the PP identification is rigorous only when the
primitive path of a single embedded chain is constructed by
considering all other chain segments as fixed line obstacles.21

Methods have been developed in the past years for extracting
the PP network simultaneously for all chains present in a
simulation cell, yielding an optimum multiple disconnected
path.12-17,19,22 In the present work, a hierarchical modeling
methodology is adopted: First, atomistic configurations of
strictly monodisperse polyethylene (PE) melts are equilibrated
at all length scales through extensive Monte Carlo (MC)
simulations based on advanced chain connectivity altering
algorithms. In the second stage, representative atomistic trajec-
tories are mapped onto trajectories of primitive paths by
employing a recently proposed geometric algorithm (the “Z-
code”).12,19 According to this, the primitive paths, treated as
“infinitely” thin and tensionless lines connecting the two ends
of a polymer chain (which in all cases are considered as fixed
in space16,18,23), are obtained under the constraint of chain
uncrossability, such that the invoked geometric operations
minimize (simultaneously for all chains present in the simulation
cell) the contour length of the multiple disconnected path, i.e.,
the contour length summed over all individual PPs.12,19 The
algorithm returns a solution which is robust against minor
displacements of the disconnected path and chain relabeling; it
is also computationally efficient compared to dynamical mini-* Corresponding author. E-mail: mk@mat.ethz.ch.
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mization procedures used in refs 14-16. After identifying the
PPs, the number of topological entanglements is simply obtained
either by counting the interior kinks or from the average length
of a line segment, to be denoted asŽ (hat-kinked) andZ̃ (tilde-
coiled), respectively. Their averages over all PPs in the
simulation box and over all (equilibrated) MC configurations
analyzed will be denoted as〈Ž〉 and〈Z̃〉; in the rest of the paper
whetherZ stands for eitherŽ or Z̃ will become obvious from
the context. Besides these measures whose inter-relation will
be discussed in detail below, the construction of the PP network
will allow us to study a number of other important quantities
(such as the tube diameter (app), the entanglement length (Ne),
the Kuhn step length (bpp), and the contour length (Lpp)) and
their distributions. This information is required for the develop-
ment of coarse-grained descriptors that should be embedded into
a beyond-equilibrium thermodynamics framework in order to
analyze the response of a polymer melt to an applied flow
field.24-26

II. Methods

A. Molecular Model-Systems Studied-Monte Carlo
Equilibration. All results to be presented in the next sections
are obtained by applying the Z-code on strictly monodisperse
linear PE melt configurations accumulated in the course of
exhaustive atomistic equilibration simulations with the very
efficient chain connectivity altering double-bridging Monte
Carlo algorithm (DBMC).27-29 Table 1 gives a summary of the
molecular characteristics of the systems (chain length or
molecular weight and total number of chains) equilibrated with
DBMC and subsequently analyzed with the Z-code; it also
reports the total number of independent (and fully equilibrated)
configurations on which the algorithm is applied in order to
get accurate predictions of the topological properties and the
average computer processing unit (CPU) time per frame for the
PP analysis of the original and super-sized (see discussion in
section III.B) simulation cells. All reported CPU times cor-
respond to serial runs on an Intel Xeon (Linux) workstation at
2.8 GHz with a 2 GBmemory. Details of the simulation strategy
employed to sample these configurations with the DBMC
algorithm have been reported in a number of past publications
and will be briefly discussed here.

All MC simulations are carried out with the united-atom (UA)
molecular model,27,28 which regards each CH2 and CH3 group
as a single, spherically symmetric interacting site. The values
of all bond lengths CHx-CH2 (x ∈{2, 3}) are kept fixed atl0 )
1.54 Å, while for the bond angles CHx-CH2-CH2 (x ∈{2, 3}),

which are allowed to fluctuate harmonically around an equi-
librium value ofθ0 ) 114°, the Van der Ploeg and Berendsen
potential30

is adopted withkB the Boltzmann constant andkθ ) 62 500 K
rad-2. For all dihedral angles CHx-CH2-CH2-CH2 (x ∈{2,
3}) the Toxvaerd’s nine-term, sum of cosines torsional poten-
tial31

is used withc0-8 ) (1001, 2130,-303, -3612, 227, 1966,
-4489,-1736, 2817) K. As far as the nonbonded interactions
are concerned, for all intramolecular pairs (i, j) of sites separated
by more than three bonds and all intermolecular ones, a 12-6
Lennard-Jones potential

is implemented whererij is the distance between the sites and
εij (εCH2 ) εCH3 ) 0.0914 kcal/mol) andσij (σCH2 ) σCH3 )
3.95 Å) denote the well depth and collision diameter, respec-
tively, of the TraPPE model.32

Initial configurations for the MC simulations are provided
by the three-stage, constant-density energy minimization tech-
nique of Theodorou and Suter33 (the molecular mechanics
method, MM) with the density fixed at∼0.77 g/cm3 for all
systems. The resulting minimum-energy configurations are then
subjected to very long MC simulations with the DBMC
algorithm,27-29 in the isothermal-isobaric (NPT) statistical
ensemble with the temperature and pressure set equal toT )
450 K andP ) 1 atm, respectively. The following mix of moves
is used in all simulations [percentages in parentheses denote
attempt probabilities]: flips34 (5%), end-mer rotations (3%),
reptations35 (15%), concerted rotations (ConRot’s)36 (20%),
volume fluctuations (2%), double bridgings (DB’s)27-29 (30%),
intramolecular double rebridgings (IDR’s)27-29 (10%), and
intramolecular end bridgings (IEBs)37 (15%). As suggested by
previous MC simulations on PE oligomers, for systems char-
acterized by small chain lengths (<C70) the portion of IDR is
reallocated to DB to increase the equilibration efficiency of the
algorithm.28 Configurations are recorded every 2× 105 MC
steps so that the corresponding atomistic trajectories consist of
a large number (on the order of a few thousands) of fully
equilibrated, statistically independent configurations. It is with
these configurations that all results of the present topological
analysis have been obtained.

B. Primitive Path Network. The Z-code algorithm, adopted
in the topological analysis, solves the problem of the shortest
multiple disconnected path in the sense of minimum Euclidean
length subject to constraints arising from the initial state.12,19

This method is efficient to extract entanglements from physical
(atomistic) configurations by translating the physical problem
based on the Doi-Edwards concept2 into a corresponding
mathematical problem, providing an approximate but model
independent and efficiently obtained solution. In contrast to
previous efforts, this direct geometric procedure12,19minimizes
the total PP length and not the total (reweighted physical
interaction) energy of the system subject to an artificial external

Table 1. Details of the Simulated Linear Monodisperse PE Melt
Systems (T ) 450 K, P ) 1 atm)a

system
no. of
chains

total MW
[g/mol]

no. of
configurations

CPU time [s]
(original cell)

CPU time [s]
(super-cell)

C24 50 338 900 0.069 5.4
C34 50 478 900 0.23 13
C48 50 674 2800 0.25 41
C70 80 982 3000 0.93 187
C78 40 1094 2500 0.42 52
C100 48 1402 6500 0.72 95
C122 48 1710 6000 1.1 167
C142 22 1990 7000 0.45 71
C174 32 2438 4500 0.91 137
C224 32 3138 7000 1.4 207
C270 32 3782 10000 2.9 285
C320 32 4482 7000 3.8 399
C400 16 5602 5500 3.5 225
C500 16 7002 7000 3.5 371
C1000 8 14002 10000 3.7 634

a Also listed is the total number of different equilibrated configurations
used in the topological analysis for each system and the average CPU time
per frame for the original and super-sized simulation cells.
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field.16 Neighbor lists are used to identify all candidate intersect-
ing segments of intermolecular origin, and periodic boundary
conditions are applied in all dimensions. A finite thickness
threshold is incorporated so as to ensure that no entanglements
are missed from the geometric tracking due to the finite repre-
sentation of numbers. As soon as the minimization procedure
converges, the number of interior kinks (entanglements) for each
chain, explicitly deduced from the shortest path, is quite
insensitive to the exact conformation of the shortest path.12 If
Nch is the number of chains in the simulation box, the code
returns the same number (Nch) of primitive paths along with
the number and coordinates of kinks (entanglements) for them.
Given a PP conformation as obtained through the application
of Z-code on the original atomistic configuration, we calculate
a set of related quantities such as the contour lengthLpp of the
shortest path and the number of interior nodesŽ for each PP,
the latter being identified with the number of entanglements
per chain. The contour lengthLpp is derived directly from the
PP configuration when the Z-code has converged and the
minimization procedure has finished. For a given chain (consist-
ing of N carbon atoms), given the numberZ of entanglements,
the entanglement length (number of carbon atoms between
entanglements),Ne, can also be calculated through16

where we follow the “Graessley/Fetters” definition ofNe
38

(reasons to include an additional factor of4/5 are thoroughly
discussed in ref 39) and where the correction termN/(N - 1)
is used to capture the limit:Z ) 0 whenNe ) N - 1. Equation
4 holds forZ ) Ž andNe ) Ňe, but also for the quantitiesZ̃
andÑe to be introduced just below. Regarding the identification
of the number of kinks per chain (and consequently the
calculation ofNe from eq 4), we follow throughout the paper
the original approach of ref 12 according to which kinks may
occur in a single form or as pairs depending on the relative
local configuration of the participating PPs. Several alternate
definitions are, of course, possible.

In refs 16, 17, and 22, a way of calculating the number of
entanglements per chain (and, consequently, the entanglement
length) was introduced which makes use of the PP contour
lengthLpp and the square end-to-end distanceR2 of the chain
(which remains unaltered during the minimization method as
the resulting PP is derived under the constraint of fixed ends).
The entanglement length,Ñe, is calculated from the molecular
length (the number of carbon atoms),N, of the original, atomistic
chain, through2

whereapp is obtained from

andbpp the (assumed) constant step length of the primitive path,
which, under the assumption that it forms a Gaussian coil, is
given by

Using eqs 4 and 5 and the above definitions forapp andbpp, the

number of entanglementsZ̃ of a chain containingN atoms and
whose end-to-end distance is equal toR and its corresponding
PP has a contour length equal toLpp is given by

Equation 8 has been obtained under the assumption that the
shortest path is a random path of equidistant step length. As
will be shown in section 3.2, this is not the case, and
correspondingly, the number of entanglements according to eq
8, Z̃, does not coincide with the number of entanglementsŽ
based on the (direct) identification of the interior nodes (kinks)
of the PP. In general,Z̃ is a less accurate measure of the number
of entanglements thanŽ, since it involves severe assumptions
which can also fail in a dramatic fashion, as for example in a
strong flow.40,41 Most evidence for the differences betweenZ̃
andŽ will be provided in section III.B where the distributions
p(Ž) andp(Z̃) of the number of entangled strands, respectively,
will be compared with each other. To clarify notation,p does
not represent a unique function but stands for “probability
density function” or “probability distribution” and depends on
its argument. In section III.B, we will show thatp(Ž) coincides
with the form derived in refs 26 and 42 whilep(Z̃) does not.

III. Results

A. Density and Chain Dimensions of the Simulated Atom-
istic PE Models.Figure 1 shows the density,F, of the simulated
PE systems as a function of their molecular length,N, as
obtained from the present MC simulations (T ) 450 K, P ) 1
atm). As has already been reported,43 simulation data for the
density can be accurately fitted with a hyperbolic function of
the form

whereF∞(T,P) denotes the density at infinite molecular weight
(MW) and a0(T,P) is a dimensionless constant describing the
rate with whichF increases withN. The best-fit values area0-
(450 K, 1 atm)) 3.20 andF∞(450 K, 1 atm)) 0.775 g/cm3;
the latter is in excellent agreement with the experimentally

Figure 1. Density,F, as a function of molecular length,N, as obtained
from the present MC simulations on monodisperse linear PE melts at
T ) 450 K andP ) 1 atm. Also shown is the corresponding best fit
to the simulation data using the hyperbolic expression of eq 9.

Z̃ ) ( N
N - 1)(Lpp

2

R2
- 1) (8)

F(N,T,P) )
F∞(T,P)

1 + a0(T,P)/N
(9)

Ne ) N

Z + N
N - 1

(4)

Ñe )
app

bpp
(5)

app ) R2/Lpp (6)

bpp )
Lpp

N - 1
(7)
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reported density value for infinitely long PE,44 which isFexp )
0.766 g/cm3. On the basis of the volumetric data of Figure 1,
all PE systems with chain length CNg224 are characterized by
very similar density values indicative of a true polymeric
behavior.

Figure 2 presents the dependence of the mean-square chain
end-to-end distance,〈R2〉, and the mean-square chain radius of
gyration multiplied by six, 6〈Rg

2〉, as a function of chain length
and how they compare with the mean-square dimensions of the
simulation box (i.e., withdbox

2), in logarithmic coordinates.
Beyond approximately CNg142, 〈R2〉 ) 6〈Rg

2〉 for all simulated
PE systems, in accord with Flory’s random coil hypothesis for
long-chain macromolecules.45 At the chosen temperature and
pressure conditions (T ) 450 K,P ) 1 atm), we recover recently
obtained known28 values of〈R2〉 ) (N - 1) b2 ) (N - 1) C∞l02,
with C∞ ) 8.27( 0.15, bond lengthl0 ) 1.54 Å, andb ≈ 4.42
Å. In addition, from Figure 2 it is apparent that for PE systems
with chain length greater than about C142, the size of the
simulation box becomes comparable to the chain dimensions.
For even longer molecules, the mean value of the chain end-
to-end distance significantly exceeds the box size; to cope with
this, we thus had to artificially enlarge the parent cell (by 27
times, by introducing clone boxes along itsx, y, andzdirections).

B. Results from Primitive Path Analysis. We applied the
shortest path algorithm (the Z-code12) with line thickness 10-7

Å to all systems listed in Table 1. The reduction of atomistically
detailed chains to primitive paths (see, e.g., Figure 3) is
performed simultaneously for all chains in the simulation box.
Selected PPs along with their parent atomistic configurations
are shown in Figure 4. As mentioned above, the Z-code should
ideally be applied to polymer chain melts whose dimensions
(as quantified by the mean chain radius of gyration) are
significantly smaller than the dimensions of the simulation box,
as the geometric procedure works optimally when the kink-to-
kink distance is smaller than half of the simulation box size.

In addition, the algorithm we use does not identify self
(intrachain)-entanglements. Besides the fact that there exists no
unique definition of self-entanglements, the density of local self-
knots has been quantified as being very small compared to that
of the multichain (intermolecular) entanglements.17 Thus, to
quantify and then get rid of possible finite-size effects in the
topological analysis, we artificially enlarged our originally

generated MC configurations to “super-boxes” (replicas) of
volume (dbox

3) 33 ) 27 times larger than the original system
size. Results from these calculations (in the form of percentage
differences) about the contour length〈Lpp〉, the entanglement
length 〈Ňe〉, the number of kinks (entanglements)〈Ž〉, and the
step length〈app〉 are reported in Figure 5. As expected, the PP
analysis for simulation boxes bearing longer PE chains (i.e.,
boxes whose size is rather small compared to the average chain
dimension) underestimates〈Ž〉 and, consequently, overestimates
〈Ňe〉. The effect is more pronounced for the smaller size systems
of the longer chain molecules (e.g., for the 8-chain C1000 PE

Figure 2. Mean-squared chain end-to-end distance,〈R2〉, and mean-
squared chain radius of gyration multiplied by a factor of 6, 6〈Rg

2〉, as
functions of molecular length,N, in logarithmic coordinates. Also shown
for comparison is the mean-squared dimensions,dbox

2, of the simulation
cell.

Figure 3. From top to bottom: zoom into the primitive path network
(shortest multiple disconnected path)12,13 as obtained from atomistic
coordinates for a representative C500 system. Each chain has its own
color. The thick bar in the central figure is a line segment closely passed
by our camera and should leave a “dynamic” impression of the short
sequence.
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melt). Figure 5 shows that the difference observed in the
calculation of〈Ňe〉 from the original and artificially enlarged
simulation boxes is negligible (around 5%) for the shorter PE
systems (CN<142) but quite significant (up to 30%) for the longer
ones whose mean radius of gyration is commensurate with (or
larger than) the box dimensions. The huge finite-size effect on
results obtained with the original Z-code is a consequence of
the particular implementation of neighbor cells in the Z-code

and has been resolved at the time this paper went into press
(see “Note Added in Proof”, section IV).

All results reported in the following have been obtained by
applying the Z-code on super-box systems, by averaging also
over a large number of equilibrated configurations (on the order
of a few thousands; see Table 1). For example, Figure 6 shows
results for the instantaneous values of〈Ž〉, 〈Ňe〉, 〈Ñe〉, 〈app〉, 〈bpp〉,
and 〈Lpp〉, still averaged over all chains in each configuration,
for the C1000 PE system. According to Figure 6, to accurately
estimate the mean entanglement length〈Ňe〉, averaging over a
large number (close to 1500) of different PE configurations is
definitely needed, revealing the impact of the equilibration
procedure of the atomistic reference samples on the quality of
the extracted data, as has also been identified in a previous
work.46 Although such configurations are easily provided here
by our chain-connectivity altering MC algorithm,27-29,43,47 it
would be clearly impossible to sample them from a brute-force
application of the conventional molecular dynamics (MD)
method. We also repeat here that expressions 1-8 are used to
obtain the above quantities for each chain at a given configu-
ration and are subsequently averaged over all chains and all
configurations (MC frames).

The dependence of the quantities〈Ž〉, 〈Ňe〉, 〈Ñe〉, 〈Lpp〉, 〈bpp〉,
and 〈app〉 on chain molecular length is given in Figures 7-9.
For long PE melts, the average number of entanglements per
chain 〈Z〉 in Figure 7 comes out to be a linear function of the
molecular length of the simulated system. It is also interesting
to note that the shortest-path analysis suggests the existence of
topological constraints or entanglements even for the shorter
PE systems, such as the C48 PE oligomer, consistent with
findings from recent atomistic MD simulations.48

Figure 8 presents the dependence of the average molecular
length between entanglements (i.e., the entanglement spacing),
〈Ňe〉, on the molecular length of the simulated PE systems. Data
from monodisperse samples suggest that, once a characteristic
chain length value (close to C200) is exceeded,〈Ňe〉 reaches a
plateau value characteristic of an entangled polymeric behavior.
This finding is also consistent with our MD-based identification
of reptation dynamics for systems characterized by an average
chain lengthN greater than about C174.48 The average value of
the entanglement spacing is calculated here to be equal to〈Ňe〉

Figure 4. Illustration of the transformation of a selected atomistic chain
to its primitive path for: (top) a C174, (middle) a C500, and (bottom) a
C1000 PE molecule (in unwrap coordinates). The methyl units of the
atomistic representation are marked in red (or dark gray) while those
of the corresponding PP in blue (light gray). A many-chain system is
shown in Figure 3.

Figure 5. Percentage differences in contour length〈Lpp〉, step length
〈app〉, entanglement molecular length〈Ňe〉, and number of entanglements
〈Ž〉 as a function of the logarithm of the molecular lengthN, when the
PP analysis is applied on simulated systems with either ordinary or
super-sized boxes, computed as 100|(Qsuper-sized - Qoriginal)/Qsuper-sized|
whereQ denotes any of the above quantities.
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) 61( 4 (see section IV). This plateau value was further tested
by applying the Z-code also on a very large system containing
64 chains of C1000equilibrated through MC simulation directly

from the beginning, that is, without artificially enlarging the
8-chain one as was done above. The value of the calculated
entanglement spacing came out to be〈Ňe〉 ) 60 ( 6, i.e., in
perfect agreement with the results of the PP analysis on the
super-sized systems obtained by artificially enlarging the smaller
(original) ones. For comparison, Fetters et al.49 propose an
experimental value ofNe ≈ 82 as calculated from the plateau
modulus of the PE in the melt state (T ) 443 K).

The shortest path contains much more detailed and valuable
information about the coarse-grained variables of the entangle-
ment network than just the above-mentioned averaged quantities.
The equilibrium distribution of the number of entanglements,
p(Ž), which is readily available from the Z-code, contains useful
information about theZ dependence of the free energy in a
coarse-grained description. TheŽ distribution, as computed
directly from the number of kinks of the primitive paths, eq 4,
for the C100, C224, C320, C500, and C1000 PE systems, is shown

Figure 6. Variation of several quantities characterizing the PP network
with MC frame in the course of the PP analysis with the C1000PE melt.
The values of the quantities shown in the figure have been obtained
by averaging over all chains in the given MC frame (configuration).
From top to bottom: Number of entanglements (kinks)〈Ž〉, entangle-
ment length (number of carbon atoms) from kinks〈Ňe〉 or coils 〈Ñe〉,
step length〈app〉, Kuhn step length〈bpp〉, and contour length〈Lpp〉 as
defined in section II.B (see also section IV).

Figure 7. Average number of entanglements from kinks〈Ž〉 or coils
〈Z̃〉/〈Ž〉 vs molecular lengthN as obtained by applying the shortest-
path analysis on model monodisperse PE melt systems (T ) 450 K, P
) 1 atm). At largeN the number of entanglements is proportional to
N and the ratio〈Z̃〉/〈Ž〉 ) 1.35 ( 0.15 (see also section IV).

Figure 8. Average entanglement spacing (in carbon atoms) from kinks
〈Ňe〉 or coils 〈Ñe/2〉 vs molecular lengthN as obtained by applying the
shortest-path analysis on the atomistically detailed PE model systems.
Differences betweenŇe andÑe arise due to (i) the very different shapes
of thep(Ž) andp(Z̃) distribution functions (cf. Figures 10 and 14) and
(ii) the random walk assumption used to defineÑe as discussed in the
main text (see also section IV).

Figure 9. Scaled average contour length of the primitive paths〈Lpp〉,
average step length〈app〉, and average Kuhn length〈bpp〉 (all quantities
given in Å) as a function of molecular length as obtained by applying
the shortest-path analysis on the atomistically detailed PE melt
configurations.
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in Figure 10. Schieber,26,42by assigning the effect of the “tube”
at each topological constraint (entanglement) through the use
of a chemical potential bath forŽ, predicts a Poisson distribution
for the number of entanglements (see for example eq 8 in ref
26 and eq A3 in Appendix A). The parameter-free, expected
distribution functions according to eq A3 of Appendix A, based
on the original concept by Schieber, are also shown in Figure
10. The theoretical predictions of eq A3 are compared against
our data from the application of the Z-code on the atomistically
detailed PE systems in Figure 10, and for all practical purposes,
the two sets of data are seen to coincide. To the best of our
knowledge, this is the first time that Schieber’s theory26,42 is
directly verified from first principles (atomistic simulations).
For a more quantitative comparison the reader can inspect Table
2, where Schieber’s analytical theory and the predictions of the
present work are compared at the level of the moments of the
distribution functionp(Ž) (which are analytically derived in
Appendix A).

Figure 11 shows the corresponding distributionp(Ňe) of the
molecular length between entanglements as computed fromp(Ž)
using eq 4, i.e.,p(Ňe) ) -p(Ž) dŽ/dŇe with p(Ž) taken from
Figure 10. Figure 12, on the other hand, presents the distribution
of the Kuhn step lengthbpp of the primitive paths (see eq 7).
Since 〈R2〉 ∝ (N - 1), the distributionp(Lpp) of the contour
lengths between entanglements has the same form as the
distributionp(bpp) of the Kuhn length but is shifted horizontally.

In all cases investigated, the distributionp(Lpp) of the PP strand
lengths is seen to follow a Gaussian distribution with a standard
deviation that increases with increasing chain length. For the
C1000 PE melt, for example, the standard deviation of theLpp

distribution function is so large that that the contour length of
the primitive paths of some of the chains is shorter than for
those in the C500 system, indicative of the strong fluctuations
of the instantaneous shape of the atomistically detailed chains
from the average coiled shape. To compare the present results
for p(Lpp) with recent publications,14 we chose to adopt the
representation shown in Figure 13. The figure plots the scaled
logarithm-ln[p(Lpp)]/〈Ž〉 of the distribution of contour lengths,
p(Lpp), against the dimensionless contour length; also shown in
the figure are the fits of the data with the “harmonic”
expression2,14p(Lpp) ) p(〈Lpp〉0) exp[-U(Lpp)/kBT], where〈Lpp〉0

is the most probable strand length, close to〈Lpp〉, with U(Lpp)
) ν〈Ž〉kBT(Lpp/〈Lpp〉0 - 1).2 Estimates of the parameterν based
on the theoretically calculated distributionp(Z) of eq A3 are
also available if we assume random walk statistics, as explained
in Appendix A.

Figure 14 shows the distribution of the number of entangle-
mentsZ̃, where Z̃ is computed during the application of the
shortest-path algorithm on atomistic MC configurations using

Figure 10. Distribution of the number of entanglementsŽ as computed
from the number of kinks of the primitive paths for the C100, C224, C320,
C500, and C1000 PE systems. Also shown are the expected, parameter-
free distribution functions according to eq A3 of the Appendix; the
similarity with the simulation data is striking. For a quantitative
comparison, see Table 2.

Table 2. Quantitative Comparison between the Present Simulation
Data for p(Ž) and the Analytical (“Parameter-Free”) Distribution

Function p(Z) (of Eq A3)a

CN 〈Z〉 〈Z2〉 ∆2 (%) 〈Z3〉 ∆3 (%) 〈Z4〉 ∆4 (%)

C100 2.13 5.83 2.9 18.6 3.3 67 5.9
C224 3.63 15.96 0.9 79.7 0.7 439 0.2
C320 5.16 30.7 0.3 202.8 1.4 1463 3.2
C500 8.17 72.9 1.4 700.3 3.9 7161 7.3
C1000 15.90 266.1 0.7 4652.9 2.1 84733 4.0

a The table provides a quantitative measure of the agreement between
the present simulation data and the analytical theory for the corresponding
distribution function based on the expected values for three moments〈Zκ〉
) ∑Z)0

∞ Zκp(Z), κ ) 2, 3, and 4, of the distribution, together with the
relative distance between predicted, eq A6, and measured quantities,∆κ ≡
|(〈Zκ〉theory - 〈Zκ〉)/〈Zκ〉theory|.

Figure 11. Distribution p(Ňe) of the chain length between entangle-
mentsŇe as computed fromp(Ž) using eq 4, i.e.,p(Ňe) ) -p(Ž)dŽ/
dŇe, with p(Ž) taken from Figure 10.

Figure 12. Distribution of the Kuhn step length of the primitive paths
bpp [given in Å], eq 7, as computed from the PP analysis for a number
of PE systems.
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eq 8 (assuming random walk), for the C224, C320, C500, and C1000

systems. It also exemplifies the large differences recorded
between theoretically calculated, eq A3, and atomistically
extractedp(Z̃) functions. Clearly, significant deviations are
observed between the distributionp(Z̃) based on the random
walk picture and the distributionp(Ž) based on the direct
topological analysis and the identification of kink points. The
latter is assumption-free, and it also agrees with the expected
Poisson shape.26,42It therefore should be the preferred measure
for future studies. However, it should be remembered that the
quantitiesapp andbpp have so far been defined only on the basis
of Gaussian coil assumptions.

Figure 15 presents the distribution of step lengthapp of the
constructed PPs as calculated through eq 6. For longer chain
length systems (e.g., the C500 and C1000 ones),p(app) is seen to
follow a truncated-Gaussian function. It is also interesting to
note that there are only tiny differences in the shape of thep(app)

distribution function for the C500 and C1000 systems. For both
systems, the average value is〈app〉 ) 48 ( 11 Å, which is in
excellent agreement with the neutron-spin echo (NSE) measure-
ments by Wischnewski et al.50 at similar conditions (T ) 509
K) which give a value ofa ≈ 45 Å for the step length. We
should also note that the presently calculated value of the step
length deviates from the value ofa ) 32 ( 2 Å reported in our
recent MD simulation study48 through a calculation of the short-
time behavior of segmental displacements by invoking an
expression fora proposed by Likhtman-McLeish.51

IV. Summary and Conclusions

By suitably adapting the shortest-path algorithm (Z-code)12,19

so that it can be applied to atomistically detailed model PE
structures (accumulated in the course of long Monte Carlo
simulations with the double-bridging algorithm27-29), we have
been able to determine the equilibrium statistical properties of
the primitive path network hidden in bulk PE melts.

The distribution of the number of entangled strands has been
calculated from the shortest multiple disconnected path by (i)
counting the number of kinksŽ and (ii) estimating the number
of entanglementsZ̃ from the contour length and the end-to-end
distance of the PPs. We first recorded the expected16,41,48,52

crossover between low- and high-molecular-weight polymeric
behavior from the observed saturation in the variation of the
number of carbon atoms between entanglements with chain
length; this allowed us to determine the characteristic entangle-
ment molecular weight based on the coarse-grained structure
evaluated from the atomistic configurations. Second, we found
that the distribution of the number of entanglementsŽ (kinks)
is practically identical to that predicted recently by Schieber.26,42

The assumptions to be made to defineZ̃ via eq 8 from the overall
shape of the PPs were found to be inappropriate from a
microscopic viewpoint. The PP is not a random walk with a
constant step length, for which the conditional probability of
havingNi monomers between PP nodesi - 1 andi with i ) 1,
2, ...,Z at a given number of entanglementsZ can be written as
p({Ni}, Z) ∝ δ(N - Ni Z). A more appropriate assumption seems
to be that based on the use of statistical (combinatorial) weights,
i.e., on the conditional probabilityp({Ni}, Z) ∝ δ(N - ∑i)1

Z Ni)
leading42 to the binomial distributionp(Z) given by eq A3 and
observed in the present simulations. Notice also that eq A6 (for
the relationship between the moments of the distributionp(Z))
seems to provide a rather convenient measure for characterizing

Figure 13. Scaled logarithm-ln[p(Lpp)]/〈Ž〉 of the distribution of
contour lengths vs dimensionless contour length as computed from the
PP analysis for a number of monodisperse PE systems atT ) 450 K
and P ) 1 atm. Shown are results for the C100, C224, C320, C500, and
C1000 PE systems together with fits to the “harmonic” expression2,14 of
p(Lpp) ∝ exp[-U(Lpp)/kBT], with U(Lpp) ) ν〈Ž〉kBT(Lpp/〈Lpp〉0 - 1)2.

Figure 14. Distribution of the number of entanglementsZ̃, whereZ̃ is
computed from the MC trajectories using eq 8, for the C224, C320, C500,
and C1000 PE systems. Large differences between the distributionp(Z̃)
based on the implicit assumption of random path statistics and the one
based on the direct identification and counting of kinksp(Ž) (no such
assumptions involved) are observed. Only the latter agrees with the
expected Poisson shape (see, e.g., Figure 10).

Figure 15. Distribution of step lengths,app [Å], as computed from
the PP analysis with the C100, C224, C320, C500, and C1000 PE systems.
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deviations from the equilibrium state (e.g., when a flow field is
applied). The prefactors in the expression for the contour length
potential,U(Lpp), have also been determined to be chain length
dependent, which agrees with eq A3.

The (rather computationally inexpensive12,19) availability of
the PPs andp(Ž) from atomistic simulation offers a direct route
of studying the dynamics of the primitive paths at and beyond
equilibrium by explicitly taking into account the topological
information; this should be contrasted with refs 4 and 52-54
where coarse-grained single-chain properties were used to
analyze the dynamics and to compare against the reptation
model. While single-chain properties in a polymer melt may
reflect the statistics of the surrounding medium, this will not
be the case in concentrated or dilute polymer systems for which
(only) the direct many-chain topological approach will remain
applicable.

Note Added in Proof.At the time this paper went into press,
we finished developing an improved version of the Z-code,
called Z1, which will be available to the public at http://
www.complexfluids.ethz.ch/ within the research-tools section.
Compared with the Z-code, Z1 is based on a different geo-
metrical concept which makes the algorithm more robust against
number precision deficiencies that we recovered lately, and does
not require the use of “super-boxes” for (too small) systems
prone to suffer from finite size effects. In addition, Z1 scales
strictly with the number of particles (as a time step in molecular
dynamics does), and it is, even for small systems, more efficient
than the Z-code, while the Z-code already supersedes the
efficiency of dynamical approaches by 2-3 orders of magnitude,
and is running more efficiently than a related (Monte Carlo)
approach “CReTA” implemented by Tzoumanekas and The-
odorou.13 From these recent investigations with Z1 we know
that the value of the line thickness chosen here (10-7 Å) is too
small and may easily reach limits due to finite number precision.
Increasing this value to 10-4 Å in the Z-code results in
qualitative changes in the values ofLpp (actuallyLpp tends to
increase) and of other related quantities (〈Ne〉, 〈app〉, 〈bpp〉), but
the shapes of the presented distributions and consequently the
related discussions remain unaffected. The increase of the line
thickness to 10-4 Å brings our results forLpp in all studied
systems very close to the ones obtained by Tzoumanekas and
Theodorou through the “CReTA” algorithm applied on the same
atomistic trajectories.13 The revised plateau values are〈Ňe〉 )
43 ( 2, 〈Ñe〉 ) 87 ( 20, and〈app〉 ) 40 ( 8 Å. Concerning
〈Ňe〉, we should note that its absolute value as well as those of
the related quantities are affected by the definition of kinks
adopted in each topological algorithm: for example, in the
Z-code two qualitative similar topological configurations may
yield different number of kinks along the PP (see for example
Figure 3 in ref 12), while in the “CReTA” algorithm kinks
always occur as pairs (we refer the reader to ref 13 for more
details). On the other hand, both the Z-code and the “CReTA”
algorithms provide very similar predictions for quantities that
are free from such ambiguities (i.e.,Lpp, app, andbpp).

With an efficient geometrical implementation at hand, users
will be in the position to investigate the dynamics of coarse-
grained polymeric systems “on the fly”, i.e., during a molecular
dynamics run. The analysis of the PP network had so far been
possible in a postprocessing step. On a modern single processor
architecture, Z1 requires not more than 10-4 s of computing
time per particle, which is roughly 2 orders of magnitude larger
than the time needed to perform a single time step, i.e., the “on
the fly” extraction of the coarse-grained representation of the
polymer sample at every 1000 time steps (which, for entangled

systems, is clearly sufficient in view of the slow relaxation of
the PP network) will not effectively change the overall comput-
ing time of a hybrid code.
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Appendix. Equilibrium Distribution p(Z)

Unlike traditional network models, the number of Kuhn steps
in an entangled strand has been treated by Schieber26,42 as a
dynamic, fluctuating quantity, rather than as a fixed parameter.
Instead of putting the dangling ends in a chemical potential
bathsanalogous to the Maxwell demons of the tube models
Schieber ascribed the effect of the “tube” at each entanglement
by using a chemical potential bath for the number of entangle-
ments and then obtained a Poisson (equilibrium) distribution
Pµ(n)

with n ) (Z - 1), from an expression for the free energy (mainly
a coarse-grained random walk). Notice that∑Z)0

N p(Z) ) 1 for
any positive integerN, and

i.e., µ ) 〈Z〉 - 1 ) 〈n〉 ≈ 〈N/Ne〉 and more explicitly

For the second up to the fourth moments, eq A3 allows one to
obtain the following expressions (written in terms of the first
moment〈Z〉 only):

which help to decide if the measuredp(Z) coincides with that
of eq A3 (without the need for any fitting parameters). For large
Z, we can use Stirling’s formulaZ! ≈ x2πZ(Z/e)Z to rewrite
eq A3 as

The distribution of eq A7 is closely related to that obtained by
Rubinstein55 using “reptons”. Fromp(Z) we can directly
calculate the distribution of strand lengthsp̃(Ne) as

p(Z) ) Pµ(n) ≡ µne-µ

n!
(A1)

〈Z〉 ) ∑
Z)0

N

Zp(Z) ) µ + 1 (A2)

p(Z) )
〈Z - 1〉Z-1e-〈Z-1〉

(Z - 1)!
(A3)

〈Z2〉 ) 〈Z〉2 + 〈Z〉 - 1 (A4)

〈Z3〉 ) 〈Z〉3 + 3〈Z〉2 - 2〈Z〉 - 1 (A5)

〈Z4〉 ) 〈Z〉4 + 6〈Z〉3 + 〈Z〉2 - 9〈Z〉 - 1 (A6)

p(Z) ) (〈Z - 1〉
Z - 1 )Z-1 eZ-1-〈Z-1〉

x2π(Z - 1)
(A7)
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according to eq 4, for a givenN, with p from eq A3. Equation
A8 strictly holds for both pairs:Z ) Ž, Ne ) Ňe andZ ) Z̃, Ne

) Ñe. Using oversimplifying random walk statistics in a brutal
manner, in particular by assuming thatR2 ) (N - 1) b2 (for all
N), we can also predict distribution functions based on eq A3
such as the one studied in ref 14, namely

to obtain estimates ofν in the classical expression2,14

by simply evaluating the second derivative ofp(Z) with respect
to Z at its maximum. UsingNe ) 60, such a procedure for
infinite chain length yieldsν ≈ 2; in general,ν is a decreasing
function of chain length. For example,ν ≈ 2.6 for N ) 500,
and ν ≈ 3 for N ) 300, based on eq A3. Despite the
oversimplifications made, these numbers are compatible with
the observations made in ref 14 thatν ) 2.9 based on an energy
minimization andν ) 1.4 based on length minimization. Lower
values ofν by roughly a factor of 2 (compared to the “expected”
ones), e.g.,ν < 2, are observed in this work (see, e.g., Figure
13).

References and Notes

(1) De Gennes, P. G.Macromolecules1976, 9, 587.
(2) Doi, M.; Edwards, S. F.The Theory of Polymer Dynamics; Claren-

don: Oxford, 1986.
(3) Mead, D. W.Macromolecules1998, 31, 7895.
(4) McLeish, T. C. B.AdV. Phys.2002, 51, 1379.
(5) Marrucci, G.; Ianniruberto, G.Macromolecules2004, 37, 3934.
(6) Wagner, M. H.; Kheirandish, S.; Hassager, O.J. Rheol.2005, 49,

1317.
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p̃(Ne) ) -p(Z)
dZ
dNe

) p( N
Z + N/(N - 1)) N

Ne
2

(A8)

p̃(Lpp) ) p(Z̃)
dZ̃

dLpp
) p[ N

N - 1(Lpp
2

R2
- 1)] 2N

N - 1

Lpp

R2
(A9)

p̃(Lpp) ) A exp[-ν〈Z〉( Lpp

〈Lpp〉0

- 1)2], A ≈ xν〈Z〉/π
〈Lpp〉0

(A10)
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