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ABSTRACT: A large number of well-equilibrated atomistic configurations of linear, strictly monodisperse
polyethylene (PE) melts of molecular length ranging from @ to Gooo Obtained through extensive Monte

Carlo simulations based on chain connectivity altering algorithms, have been subjected to a detailed topological
analysis. Primitive paths are geometrically constructed connecting the two ends of a polymer chain (which in all
cases are considered as fixed in space) under the constraint of no chain crossability, such that the multiple
disconnected (coarse-grained) path has minimum contour length. When applied to a given, dense polymer
configuration in 3-D space, the algorithm returns the primitive path (PP) and the related number and positions of
entanglements (kinks) for all chains in the simulation box, thus providing extremely useful information for the
topological structure (the primitive path network) hidden in bulk PE. In particular, our analysis demonstrates that
once a characteristic chain length value (aroungh)@s exceeded, the entanglement molecular length for PE at

T = 450 K reaches a plateau value, characteristic of the entangled polymeric behavior. We further validate recent
analytical predictions [Schieber, J. D.Chem. Phys2003 118 5162] about the shape of the distribution for the
number of strands in a chain at equilibrium. At the same time, we show that the number of entanglements obtained
by assuming random walk statistics [Everaers, R. eébeilence2004 303 823] deviates significantly from these
predictions, which we regard as a clear evidence that by directly counting the entanglements and their distribution
functions, as proposed here, offers advantages for a quantitative analysis of the statistical nature of entanglements
in polymeric systems.

I. Introduction system filled with polymer chains has a unique solution only

It has long been realized that in dense, many-chain polymeric for the 2-D case. In the case of a 3-D simulation box, the
systems, even if the excluded volume is zero, chain dynamicssolution of the PP identification is rigorous only when the
is highly influenced by “topological” constraints, referred to as  primitive path of a single embedded chain is constructed by
entanglements, resulting from chain uncrossability. These considering all other chain segments as fixed line obst&tles.
intermolecular constraints give rise to “reptatiddynamics that Methods have been developed in the past years for extracting
is nicely captured by the “tube” thedhand its numerous  the PP network simultaneously for all chains present in a
extensions and generalizatichs! Although for polymeric  gimylation cell, yielding an optimum multiple disconnected
systems consisting of chains with open ends there is N0 y,ih12-17.1922 |y the present work, a hierarchical modeling
topological quantity to be discussed, algorithms have beenersnethodology is adopted: First, atomistic configurations of
disconnected path of either shortest contour Ie¥igthor lowest ai”;tllly lr;:) ;tzdlsgaelresse ?ﬁlgﬁgmyleezteegzli?em&ﬁ; receg?éllkzﬁgd

16,17 i i i it
energy,>" to identify the corresponding primitive path (PP) simulations based on advanced chain connectivity altering
(tube centerline), and to calculate the number of entanglements.

- ’ ; . algorithms. In the second stage, representative atomistic trajec-
As described in ref 13, entanglements effectively restrict tori e m d onto traiectori £ orimitiv ths b
individual chain conformations in a curvilinear tubelike region ories are mapped onlo trajectories of p € paths by

enclosing each chain. For very short time scales, chain segmentgn:jpl?{'zng a rec‘;?‘“y proEpseﬂ geo_m(.ayrlc algﬂrlthm (thg Z
are allowed to freely fluctuate in all directions until their Cc0d€"):*** According to this, the primitive paths, treated as

displacements become commensurate with the tube diameter. Nfinitely” thin and tensionless lines connecting the two ends

Once the topological constraints are encountered, chain motion®f & Polymer chain (which in all cases are considered as fixed
perpendicular to the primitive path is restricted and polymer in Spacé®'®2}, are obtained under the constraint of chain
segments diffuse along the PP. B&dwardg define the PP uncrossability, such that the invoked geometric operations
as the shortest path connecting the two ends of the chain withminimize (simultaneously for all chains present in the simulation
the same topology as the chain itself relative to the surrounding cell) the contour length of the multiple disconnected path, i.e.,
obstacle:27:16.1820 From a mathematical point of view, the the contour length summed over all individual PP¥ The
geometric procedure of extracting the primitive paths for a algorithm returns a solution which is robust against minor
displacements of the disconnected path and chain relabeling; it
* Corresponding author. E-mail: mk@mat.ethz.ch. is also computationally efficient compared to dynamical mini-
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Table 1. Details of the Simulated Linear Monodisperse PE Melt which are allowed to fluctuate harmonically around an equi-
Systems T = 450 K, P = 1 atm)* librium value off, = 114°, the Van der Ploeg and Berendsen
no. of total MW no. of CPUtime[s] CPU time [s] poten'[iai‘0
system chains [g/mol]  configurations (original cell)  (super-cell)
Ca 50 338 900 0.069 5.4 Viend®)
Cu 50 478 900 0.23 13 bend9) _ L6 - 0,2 (1)
Cas 50 674 2800 0.25 41 Kg 2
Cro 80 982 3000 0.93 187
C 40 1094 2500 0.42 52 . .
Coo a8 1402 6500 072 95 is adopted wittkg the Boltzmann constant arig = 62 500 K
Cizz 48 1710 6000 11 167 rad=2. For all dihedral angles CHCH,—CH,—CH, (x {2,
Ciz 22 1990 7000 0.45 71 ‘e nine. : ; ;
ce 3 2438 4500 0.91 137 ?_;})Stlhe Toxvaerd’s nine-term, sum of cosines torsional poten
Cooa 32 3138 7000 1.4 207 tial
Coo 32 3782 10000 2.9 285
Cao 32 4482 7000 3.8 399 V, (¢) 8
Cao 16 5602 5500 35 225 tonnrs d
Coo 16 7002 7000 35 371 = ) ¢ cos(¢) 2)
Cio00 8 14002 10000 3.7 634 =

VA1) = 4 3)

st o g sy o o v €5 il Ul WGy 3 = (1001, 2130303, ~3612, 227, 1965
per frame for the original and super-sized simulation cells. —4489,—1736, 2817) K. As far as the nonbonded interactions
are concerned, for all intramolecular pairg) of sites separated
mization procedures used in refs-146. After identifying the by more than three bonds and all intermolecular ones,~&612
PPs, the number of topological entanglements is simply obtainedLennard-Jones potential
either by counting the interior kinks or from the average length
of a line segment, to be denotedAhat-kinked) and (tilde- N
coiled), respectively. Their averages over all PPs in the a N r_”
simulation box and over all (equilibrated) MC configurations
analyzed will be denoted aZ[land[Z[]in the rest of the paper  is implemented where; is the distance between the sites and
whetherZ stands for eithe? or Z will become obvious from eij (ecH, = €ecny = 0.0914 kcal/mol) andsj (och, = Och; =
the context. Besides these measures whose inter-relation will3.95 A) denote the well depth and collision diameter, respec-
be discussed in detail below, the construction of the PP networktively, of the TraPPE modéf
will allow us to study a number of other important quantities Initial configurations for the MC simulations are provided
(such as the tube diametes,f), the entanglement lengtiNg, by the three-stage, constant-density energy minimization tech-
the Kuhn step lengthbg), and the contour lengttLgy)) and nique of Theodorou and Su#ér(the molecular mechanics
their distributions. This information is required for the develop- method, MM) with the density fixed at0.77 g/cnd for all
ment of coarse-grained descriptors that should be embedded int(gystems_ The resulting minimum-energy configurations are then
a beyond-equilibrium thermodynamics framework in order to subjected to very long MC simulations with the DBMC
analyze the response of a polymer melt to an applied flow algorithm27-2° in the isothermatisobaric (NPT) statistical
field.24-26 ensemble with the temperature and pressure set eqUakto
450 K andP = 1 atm, respectively. The following mix of moves
II. Methods is used in all simulations [percentages in parentheses denote
A. Molecular Model—Systems Studied-Monte Carlo attempt probabilities]: flip¥ (5%), end-mer rotations (3%),
Equilibration. All results to be presented in the next sections reptation$® (15%), concerted rotations (ConRo#%)20%),
are obtained by applying the Z-code on strictly monodisperse volume fluctuations (2%), double bridgings (DB?$)?° (30%),
linear PE melt configurations accumulated in the course of intramolecular double rebridgings (IDR2€)2° (10%), and
exhaustive atomistic equilibration simulations with the very intramolecular end bridgings (IEB¥)(15%). As suggested by
efficient chain connectivity altering double-bridging Monte previous MC simulations on PE oligomers, for systems char-
Carlo algorithm (DBMC)Y7~2° Table 1 gives a summary of the  acterized by small chain lengths C7o) the portion of IDR is
molecular characteristics of the systems (chain length or reallocated to DB to increase the equilibration efficiency of the
molecular weight and total number of chains) equilibrated with algorithm?® Configurations are recorded every»2 1> MC
DBMC and subsequently analyzed with the Z-code; it also steps so that the corresponding atomistic trajectories consist of
reports the total number of independent (and fully equilibrated) a large number (on the order of a few thousands) of fully
configurations on which the algorithm is applied in order to equilibrated, statistically independent configurations. It is with
get accurate predictions of the topological properties and the these configurations that all results of the present topological
average computer processing unit (CPU) time per frame for the analysis have been obtained.
PP analysis of the original and super-sized (see discussion in B. Primitive Path Network. The Z-code algorithm, adopted
section 111.B) simulation cells. All reported CPU times cor- in the topological analysis, solves the problem of the shortest
respond to serial runs on an Intel Xeon (Linux) workstation at multiple disconnected path in the sense of minimum Euclidean
2.8 GHz with a 2 GBnemory. Details of the simulation strategy  length subject to constraints arising from the initial stgtt.
employed to sample these configurations with the DBMC This method is efficient to extract entanglements from physical
algorithm have been reported in a number of past publications (atomistic) configurations by translating the physical problem

and will be briefly discussed here. based on the DeiEdwards conceptinto a corresponding
All MC simulations are carried out with the united-atom (UA) mathematical problem, providing an approximate but model

molecular modet/ 28 which regards each GHand CH group independent and efficiently obtained solution. In contrast to

as a single, spherically symmetric interacting site. The values previous efforts, this direct geometric procedéf@ minimizes

of all bond lengths Ck-CH, (x €{2, 3}) are kept fixed atp = the total PP length and not the total (reweighted physical

1.54 A, while for the bond angles GHCH,—CH, (x €{2, 3}), interaction) energy of the system subject to an artificial exteHB{/
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field.1® Neighbor lists are used to identify all candidate intersect-
ing segments of intermolecular origin, and periodic boundary
conditions are applied in all dimensions. A finite thickness

threshold is incorporated so as to ensure that no entanglements

are missed from the geometric tracking due to the finite repre-
sentation of numbers. As soon as the minimization procedure
converges, the number of interior kinks (entanglements) for each
chain, explicity deduced from the shortest path, is quite
insensitive to the exact conformation of the shortest path.

Neh is the number of chains in the simulation box, the code
returns the same numbeN) of primitive paths along with
the number and coordinates of kinks (entanglements) for them.
Given a PP conformation as obtained through the application
of Z-code on the original atomistic configuration, we calculate
a set of related quantities such as the contour lehgtlof the
shortest path and the number of interior nodefer each PP,

the latter being identified with the number of entanglements
per chain. The contour length,, is derived directly from the

PP configuration when the Z-code has converged and the
minimization procedure has finished. For a given chain (consist-
ing of N carbon atoms), given the numb&of entanglements,
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Figure 1. Density,p, as a function of molecular lengtN, as obtained
from the present MC simulations on monodisperse linear PE melts at
T = 450 K andP = 1 atm. Also shown is the corresponding best fit

the entanglement length (number of carbon atoms betweento the simulation data using the hyperbolic expression of eq 9.

entanglementsi\e, can also be calculated throd§h

N
_N_
N—1

N, = 4
Z+

where we follow the “Graessley/Fetters” definition bBES®

(reasons to include an additional factor 4f are thoroughly

discussed in ref 39) and where the correction t&i#iiN — 1)

is used to capture the limiZ = 0 whenNe = N — 1. Equation

4 holds forZ = Z andNe = N, but also for the quantitieZ

andN, to be introduced just below. Regarding the identification

of the number of kinks per chain (and consequently the

calculation ofNe from eq 4), we follow throughout the paper

number of entanglemenBof a chain containing\ atoms and
whose end-to-end distance is equaRand its corresponding
PP has a contour length equalltg, is given by

)(L

1
R )
Equation 8 has been obtained under the assumption that the
shortest path is a random path of equidistant step length. As
will be shown in section 3.2, this is not the case, and

correspondingly, the number of entanglements according to eq

8, Z, does not coincide with the number of entanglemehts
based on the (direct) identification of the interior nodes (kinks)

2
> N PP
N

8

the original approach of ref 12 according to which kinks may of the PP. In general, is a less accurate measure of the number
occur in a single form or as pairs depending on the relative of entanglements thas, since it involves severe assumptions
local configuration of the participating PPs. Several alternate which can also fail in a dramatic fashion, as for example in a
definitions are, of course, possible. strong flow?%4* Most evidence for the differences betweén

In refs 16, 17, and 22, a way of calculating the number of andZ will be provided in section 111.B where the distributions
entanglements per chain (and, consequently, the entanglemen@(Z) andp(2) of the number of entangled strands, respectively,
length) was introduced which makes use of the PP contour will be compared with each other. To clarify notatigndoes
length Ly, and the square end-to-end distaf@eof the chain not represent a unique function but stands for “probability
(which remains unaltered during the minimization method as density function” or “probability distribution” and depends on
the resulting PP is derived under the constraint of fixed ends). its argument. In section 111.B, we will show thp{Z) coincides
The entanglement lengthl, is calculated from the molecular ~ with the form derived in refs 26 and 42 whifgZ) does not.
length (the number of carbon atomi),of the original, atomistic
chain, through I1l. Results

A. Density and Chain Dimensions of the Simulated Atom-

R = Ap ) istic PE Models.Figure 1 shows the density, of the simulated
e Bop PE systems as a function of their molecular length,as
obtained from the present MC simulationis=£ 450 K,P = 1
whereayy, is obtained from atm). As has already been reporfégimulation data for the
density can be accurately fitted with a hyperbolic function of
ap= R2/Lpp (6) the form
andby, the (assumed) constant step length of the primitive path, o(NT,P) = P(TP) (9)
which, under the assumption that it forms a Gaussian coil, is v 1+ ay(T,P)/N

given by

wherep«(T,P) denotes the density at infinite molecular weight
(MW) and ay(T,P) is a dimensionless constant describing the
rate with whichp increases witiN. The best-fit values aray-

(450 K, 1 atm)= 3.20 andp«(450 K, 1 atm)= 0.775 g/cns;

the latter is in excellent agreement with the experiment&IBV

Lpp

b N—1

@)

bp

Using egs 4 and 5 and the above definitionsdgrandby,, the



4210 Foteinopoulou et al. Macromolecules, Vol. 39, No. 12, 2006

] M ML
o]
m <R>
10" O 6<R’> Q 4
E O E
1 2
A Og
A A A
o A AA @8 A
< aQ
A A Q A
e A
¢ . A =
10" 4 O E
o n
o n
[ |
10° —— ——
10' 10° 10°
Molecular Length

Figure 2. Mean-squared chain end-to-end distari&&[] and mean-
squared chain radius of gyration multiplied by a factor of B8] as
functions of molecular lengthN, in logarithmic coordinates. Also shown
for comparison is the mean-squared dimensidis’, of the simulation
cell.

reported density value for infinitely long PEwhich is pexp, =
0.766 g/cm. On the basis of the volumetric data of Figure 1,
all PE systems with chain lengthyGz4 are characterized by
very similar density values indicative of a true polymeric
behavior.

Figure 2 presents the dependence of the mean-square chain
end-to-end distancéR?[] and the mean-square chain radius of
gyration multiplied by six, 8R?[] as a function of chain length
and how they compare with the mean-square dimensions of the
simulation box (i.e., withdye,?), in logarithmic coordinates.
Beyond approximately . 142, [R?O= 6[RsLffor all simulated
PE systems, in accord with Flory’s random coil hypothesis for
long-chain macromoleculé8.At the chosen temperature and
pressure conditiond (= 450 K,P = 1 atm), we recover recently
obtained know? values offR2[= (N — 1) b2 = (N — 1) Cul¢?,
with C,, = 8.27+ 0.15, bond lengtiy = 1.54 A, andb ~ 4.42
A. In addition, from Figure 2 it is apparent that for PE systems
with chain length greater than abouts& the size of the
simulation box becomes comparable to the chain dimensions.
For even longer molecules, the mean value of the chain end-
to-end distance significantly exceeds the box size; to cope with
this, we thus had to artificially enlarge the parent cell (by 27
times, by introducing clone boxes alongxy, andz directions).

B. Results from Primitive Path Analysis. We applied the Ty -
shortest path algorithm (the Z-cddewith line thickness 107 Tay ﬁw
Ato all systems listed in Table 1. The reduction of atomistically Figure 3. From top to bottom: zoom into the primitive path network
detailed chains to primitive paths (see, e.g., Figure 3) is (shortest multiple disconnected pafif as obtained from atomistic
performed simultaneously for all chains in the simulation box. coordinates for a representativgogsystem. Each chain has its own
Selected PPs along with their parent atomistic configurations EO'O“ The thick ba(rj'”kt]he |%|e|ntra| f'g‘{fg is a line segment C'OSfeg’] pashse‘tj
are shown in Figure 4. As mentioned above, the Z-code should quc:}gncczr.nera and should feave a ‘dynamic’ impression of the shor
ideally be applied to polymer chain melts whose dimensions
(as quantified by the mean chain radius of gyration) are generated MC configurations to “super-boxes” (replicas) of
significantly smaller than the dimensions of the simulation box, volume Oood) 3% = 27 times larger than the original system
as the geometric procedure works optimally when the kink-to- size. Results from these calculations (in the form of percentage
kink distance is smaller than half of the simulation box size. differences) about the contour |eng]]tbpm the entanglement

In addition, the algorithm we use does not identify self length e[ the number of kinks (entanglement&y] and the
(intrachain)-entanglements. Besides the fact that there exists ncstep lengthiay,Care reported in Figure 5. As expected, the PP
unique definition of self-entanglements, the density of local self- analysis for simulation boxes bearing longer PE chains (i.e.,
knots has been quantified as being very small compared to thatboxes whose size is rather small compared to the average chain
of the multichain (intermolecular) entangleme#tsThus, to dimension) underestimaté&liand, consequently, overestimates
quantify and then get rid of possible finite-size effects in the NI The effect is more pronounced for the smaller size systems
topological analysis, we artificially enlarged our originally of the longer chain molecules (e.g., for the 8-chaiR.cPE CDV




Macromolecules, Vol. 39, No. 12, 2006

Figure 4. lllustration of the transformation of a selected atomistic chain
to its primitive path for: (top) a &4 (middle) a Goo, and (bottom) a
Ci000 PE molecule (in unwrap coordinates). The methyl units of the
atomistic representation are marked in red (or dark gray) while those
of the corresponding PP in blue (light gray). A many-chain system is
shown in Figure 3.

melt). Figure 5 shows that the difference observed in the
calculation of Ne[Jfrom the original and artificially enlarged
simulation boxes is negligible (around 5%) for the shorter PE
systems (G<142) but quite significant (up to 30%) for the longer

Atomistic Polyethylene Models 4211
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Figure 5. Percentage differences in contour length,l] step length
[BppL) entanglement molecular lengiNe[] and number of entanglements
[Z[Jas a function of the logarithm of the molecular lenfthwhen the

PP analysis is applied on simulated systems with either ordinary or
super-sized boxes, computed as [{Q&Persized — Qoriginal) jQgsuper-sizeq
whereQ denotes any of the above quantities.

and has been resolved at the time this paper went into press
(see “Note Added in Proof”, section IV).

All results reported in the following have been obtained by
applying the Z-code on super-box systems, by averaging also
over a large number of equilibrated configurations (on the order
of a few thousands; see Table 1). For example, Figure 6 shows
results for the instantaneous valuesZit) Ne[) Nl By, L)
and [L,p0] still averaged over all chains in each configuration,
for the Gooo PE system. According to Figure 6, to accurately
estimate the mean entanglement Ien@ﬂ@] averaging over a
large number (close to 1500) of different PE configurations is
definitely needed, revealing the impact of the equilibration
procedure of the atomistic reference samples on the quality of
the extracted data, as has also been identified in a previous
work 26 Although such configurations are easily provided here
by our chain-connectivity altering MC algorith?f; 294347 jt
would be clearly impossible to sample them from a brute-force
application of the conventional molecular dynamics (MD)
method. We also repeat here that expression8 dre used to
obtain the above quantities for each chain at a given configu-
ration and are subsequently averaged over all chains and all
configurations (MC frames).

The dependence of the quantitigs,) (Nl Nl [yl ppl)
and [appTon chain molecular length is given in Figures 9.

For long PE melts, the average number of entanglements per
chain[Z0in Figure 7 comes out to be a linear function of the
molecular length of the simulated system. It is also interesting
to note that the shortest-path analysis suggests the existence of
topological constraints or entanglements even for the shorter
PE systems, such as thegQPE oligomer, consistent with
findings from recent atomistic MD simulatiofg.

Figure 8 presents the dependence of the average molecular
length between entanglements (i.e., the entanglement spacing),
N.[J on the molecular length of the simulated PE systems. Data
from monodisperse samples suggest that, once a characteristic
chain length value (close toJg) is exceedediNe[Ireaches a
plateau value characteristic of an entangled polymeric behavior.

ones whose mean radius of gyration is commensurate with (or This finding is also consistent with our MD-based identification

larger than) the box dimensions. The huge finite-size effect on

of reptation dynamics for systems characterized by an average

results obtained with the original Z-code is a consequence of chain lengthN greater than about,&.*® The average value of

the particular implementation of neighbor cells in the Z-code

the entanglement spacing is calculated here to be eqtﬁ&UﬂbCDV
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Figure 6. Variation of several quantities characterizing the PP network
with MC frame in the course of the PP analysis with the,§PE melt.

The values of the quantities shown in the figure have been obtained
by averaging over all chains in the given MC frame (configuration).
From top to bottom: Number of entanglements (kink&)] entangle-
ment length (number of carbon atoms) from kirilk&Uor coils Ne[)

step length3,,[) Kuhn step lengthib,e[ and contour lengthll,,Oas
defined in section I1.B (see also section V).
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Figure 7. Average number of entanglements from kinkslor coils
[(Z[IZ0Ovs molecular lengttN as obtained by applying the shortest-
path analysis on model monodisperse PE melt systéms450 K, P

= 1 atm). At largeN the number of entanglements is proportional to
N and the ratidZ[IIZ0= 1.35+ 0.15 (see also section 1V).

= 61+ 4 (see section V). This plateau value was further tested
by applying the Z-code also on a very large system containing
64 chains of Gyooequilibrated through MC simulation directly
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600 800 1000
N

Figure 8. Average entanglement spacing (in carbon atoms) from kinks

Ne[Jor coils MNs/20vs molecular lengtiN as obtained by applying the

shortest-path analysis on the atomistically detailed PE model systems.

Differences betweehle andN, arise due to (i) the very different shapes

of thep(2) andp(2) distribution functions (cf. Figures 10 and 14) and

(i) the random walk assumption used to defldeas discussed in the

main text (see also section V).

200 400

0 . . . .
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N

Figure 9. Scaled average contour length of the primitive pathgl)
average step lengtia,[] and average Kuhn lengfhy,(all quantities
given in A) as a function of molecular length as obtained by applying
the shortest-path analysis on the atomistically detailed PE melt
configurations.

.
1000

from the beginning, that is, without artificially enlarging the
8-chain one as was done above. The value of the calculated
entanglement spacing came out to RO= 60 + 6, i.e., in
perfect agreement with the results of the PP analysis on the
super-sized systems obtained by artificially enlarging the smaller
(original) ones. For comparison, Fetters et**apropose an
experimental value o ~ 82 as calculated from the plateau
modulus of the PE in the melt staté € 443 K).

The shortest path contains much more detailed and valuable
information about the coarse-grained variables of the entangle-
ment network than just the above-mentioned averaged quantities.
The equilibrium distribution of the number of entanglements,
p(2), which is readily available from the Z-code, contains useful
information about theZ dependence of the free energy in a
coarse-grained description. The distribution, as computed
directly from the number of kinks of the primitive paths, eq 4,
for the Goo, Co24, Cs20, Cso0, @and Gooo PE systems, is show&DV
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Figure 10. Distribution of the number of entanglemeéitas computed ~ Figure 11. Distribution p(No) of the chain length between entangle-
from the number of kinks of the primitive paths for the& Cazs, Cazo, S’Lents!\lﬁ asvcomkput?d fronp(2) using eq 4, i.e.p(Ne) = —p(2)dZ/
Cso0 @nd Gogo PE systems. Also shown are the expected, parameter- Ne: With p(2) taken from Figure 10.

free distribution functions according to eq A3 of the Appendix; the ; ‘ . ‘
similarity with the simulation data is striking. For a quantitative = Cpo

comparison, see Table 2. = Cyoy

-0~ Capo
Table 2. Quantitative Comparison between the Present Simulation - C:'gzo
Data for p(Z) and the Analytical (“Parameter-Free”) Distribution

Function p(Z) (of Eq A3)2
Cn zOo Z?0  A?(%) 220 A3(%) 0 A*(%)

Cio0 2.13 5.83 2.9 18.6 3.3 67 5.9
Co24 3.63 15.96 0.9 79.7 0.7 439 0.2
Ca2o 516 30.7 0.3 202.8 1.4 1463 3.2
Cso0 8.17 72.9 1.4 700.3 3.9 7161 7.3
Cio00 15.90 266.1 0.7 4652.9 2.1 84733 4.0

aThe table provides a quantitative measure of the agreement between
the present simulation data and the analytical theory for the corresponding
distribution function based on the expected values for three mom&tiis
= 37-02P(2), k = 2, 3, and 4, of the distribution, together with the
relative distance between predicted, eq A6, and measured quamtities,
|(|Zxﬂ1eory - mkgllzk@eory{-

in Figure 10. Schiebe¥®*2by assigning the effect of the “tube” _ o I

at each topological constraint (entanglement) through the useFlgur_e 12. Distribution of the Kuhn step length of the primitive paths
.p 9 . v ’ 9 : i g_ . byp [given in A, eq 7, as computed from the PP analysis for a number

of a chemical potential bath fat, predicts a Poisson distribution  of PE systems.

for the number of entanglements (see for example eq 8 in ref . . o

26 and eq A3 in Appendix A). The parameter-free, expected In all cases investigated, the distributipft.pp) of the PP strand

distribution functions according to eq A3 of Appendix A, based |engthS is seen to follow a Gaussian distribution with a standard

on the Original Concept by Schieber, are also shown in Figure deviation that increases with Increasing Cha”? Iength For the

10. The theoretical predictions of eq A3 are compared against C1o00 PE melt, for example, the standard deviation of the

our data from the application of the Z-code on the atomistically distribution function is so large that that the contour length of

detailed PE systems in Figure 10, and for all practical purposes,the primitive paths of some of the chains is shorter than for
the two sets of data are seen to coincide. To the best of ourth0Se in the Gy system, indicative of the strong fluctuations
knowledge, this is the first time that Schieber's théAf is of the instantaneous shape of the atomistically detailed chains

directly verified from first principles (atomistic simulations). from the average coiled shape. To compare the present results

For a more quantitative comparison the reader can inspect Tablefor P(Lpp) W.'th recent _pub!lcatmné‘,‘ we chose to adopt the
representation shown in Figure 13. The figure plots the scaled

2, where Schieber’s analytical theory and the predictions of the A v T

present work are compared at the level of the moments of theloganthm _In[p(Lpp)]_/[ZEbf_the distribution of cont.our lengths, .

distribution functionp(Z) (which are analytically derived in p(Lpp)_, against the dlm_enS|onIess contour_length, also shovx_/n n
the figure are the fits of the data with the “harmonic”

Appendlx A). o expression p(Lpp) = p(flppld) €xp[—U(Lpp)/keT], wherellpld
Figure 11 shows the corresponding distributghl) of the is the most probable strand length, closeltg,]] with U(Lpp)
molecular length between entanglements as computedd@m = y[ZKeT(Lpy/[Lpod — 1).2 Estimates of the parameteibased

using eq 4, i.e.p(Ne) = —p(2) dZ/dNe with p(2) taken from on the theoretically calculated distributiqufZ) of eq A3 are
Figure 10. Figure 12, on the other hand, presents the distributionalso available if we assume random walk statistics, as explained
of the Kuhn step lengtl,, of the primitive paths (see eq 7). in Appendix A.

Since (R?00 (N — 1), the distributionp(Lpp) of the contour Figure 14 shows the distribution of the number of entangle-
lengths between entanglements has the same form as thementsZ, whereZ is computed during the application of the
distributionp(byp) of the Kuhn length but is shifted horizontally.  shortest-path algorithm on atomistic MC configurations usd'&gv
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Figure 13. Scaled logarithm—In[p(Ly,)//(Z0of the distribution of Figure 15. Distribution of step lengthsay, [A], as computed from
contour lengths vs dimensionless contour length as computed from theth® PP analysis with thegs, Co2a Cazo, Csoo, and Gooo PE systems.

PP analysis for a number of monodisperse PE systermis=agd50 K

andP = 1 atm. Shown are results for thgoG Cozs, ("3320, Csoo and distribution function for the o and Gogo Systems. For both
Croo0PE systems to%ether W'tr:‘ fits to the [g:armomc [fxpfgs%*fgﬂf systems, the average valuel@g, = 48 + 11 A, which is in
PLpe) 0 eXPE=U(Lon)/kaT], with U(Lyy) = vIZKeT(Lo/Mppld — 1) excellent agreement with the neutron-spin echo (NSE) measure-
v . . v v ments by Wischnewski et &.at similar conditions T = 509

—5—"Cio0 K) which give a value ofa ~ 45 A for the step length. We
051 ——Capy | should also note that the presently calculated value of the step
—0—Caz length deviates from the value af= 32 + 2 A reported in our
—o— Ce0o recent MD simulation stud§ through a calculation of the short-
04 %% —Cio00 1 time behavior of segmental displacements by invoking an

- Poisson distributia expression foa proposed by LikhtmarMcLeish5?

N 03 IV. Summary and Conclusions

By suitably adapting the shortest-path algorithm (Z-c&l)
so that it can be applied to atomistically detailed model PE
structures (accumulated in the course of long Monte Carlo
simulations with the double-bridging algoritfmn?°), we have
been able to determine the equilibrium statistical properties of
the primitive path network hidden in bulk PE melts.

02

0.1

ol = e =, The distribution of the number of entangled strands has been
5 calculated from the shortest multiple disconnected path by (i)
Figure 14. Distribution of the number of entangleme@swhereZ is counting the number of kinks and (ii) estimating the number
computed from the MC trajectories using eq 8, for the,CCsz0, Csqo, of entanglementg from the contour length and the end-to-end

and Gooo PE systems. Large differences between the distribyt(@h distance of the PPs. We first recorded the expéétgd®>?
based on the implicit assumption of random path statistics and the onexrgssover between low- and high-molecular-weight polymeric

based on the direct identification and counting of kipk&) (no such o o
assumptions involved) are observed. Only the latter agrees with the behavior from the observed saturation in the variation of the

expected Poisson shape (see, e.g., Figure 10). number of carbon atoms between entanglements with chain
length; this allowed us to determine the characteristic entangle-
eq 8 (assuming random walk), for thes; Csoo, Csoo and Gooo ment molecular weight based on the coarse-grained structure

systems. It also exemplifies the large differences recorded evaluated from the atomistic configurations. Second, we found
between theoretically calculated, eq A3, and atomistically that the distribution of the number of entanglemeniinks)
extractedp(Z) functions. Clearly, significant deviations are is practically identical to that predicted recently by SchieBét.
observed between the distributipiZ) based on the random  The assumptions to be made to defvéia eq 8 from the overall
walk picture and the distributiop(Z) based on the direct shape of the PPs were found to be inappropriate from a
topological analysis and the identification of kink points. The microscopic viewpoint. The PP is not a random walk with a
latter is assumption-free, and it also agrees with the expectedconstant step length, for which the conditional probability of
Poisson shap#:#21t therefore should be the preferred measure havingN; monomers between PP nodes 1 andi with i = 1,
for future studies. However, it should be remembered that the 2, ...,Z at a given number of entanglemegtsan be written as
quantitiesay, andby, have so far been defined only on the basis p({N}, Z) 0 (N — N; Z). A more appropriate assumption seems
of Gaussian coil assumptions. to be that based on the use of statistical (combinatorial) weights,
Figure 15 presents the distribution of step lengghof the i.e., on the conditional probabilitg({ N}, Z2) O 6(N — ziZ:lNi)
constructed PPs as calculated through eq 6. For longer chaineading? to the binomial distributiorp(Z) given by eq A3 and
length systems (e.g., theségand Gogo ONnes),p(app) is seen to observed in the present simulations. Notice also that eq A6 (for
follow a truncated-Gaussian function. It is also interesting to the relationship between the moments of the distribupiag))
note that there are only tiny differences in the shape optag) seems to provide a rather convenient measure for characte%r{?



Macromolecules, Vol. 39, No. 12, 2006 Atomistic Polyethylene Models 4215

deviations from the equilibrium state (e.g., when a flow field is systems, is clearly sufficient in view of the slow relaxation of
applied). The prefactors in the expression for the contour length the PP network) will not effectively change the overall comput-
potential,U(Lyp), have also been determined to be chain length ing time of a hybrid code.

dependent, which agrees with eq A3.

The (rather computationally inexpenst¥&9 availability of
the PPs ang(Z) from atomistic simulation offers a direct route
of studying the dynamics of the primitive paths at and beyon
equilibrium by explicitly taking into account the topological
information; this should be contrasted with refs 4 and-52
where coarse-grained single-chain properties were used to

analyze the dynamics and to compare against the reptation A
model. While single-chain properties in a polymer melt may FP6-016375) of the European Community and German Research

reflect the statistics of the surrounding medium, this will not Foundation (Priority Program 1104). The home organizations

be the case in concentrated or dilute polymer systems for which &€ thanked for the allocation of CPU time on their multiproces-
(only) the direct many-chain topological approach will remain sor SGI workstation _(or|g|n, FORTH-ICE/HT) and linux cluster
applicable. (gonzales, ETH Zurich).

Note Added in Proof. At the time this paper went into press,  Appendix. Equilibrium Distribution p(Z)
we finished developing an improved version of the Z-code,
called Z1, which will be available to the public at http://

M'gg dpl\?v)i(t]lu't?wséeg-]gé%rg v;tlhlir; tg:sfjeoégcg'gci)%sresricuzg'_ dynamic, fluctuating quantity, rather than as a fixed parameter.
P X 9 Instead of putting the dangling ends in a chemical potential

metrical concept which makes the algorithm more robust aga'nStbath—anangous to the Maxwell demons of the tube model

number precision def|C|eHnC|es that We”recovered lately, and doesSchieber ascribed the effect of the “tube” at each entanglement
not require the use of “super-boxes” for (too small) systems

prone to suffer from finite size effects. In addition, Z1 scales by using a chemical potential bath for the number of entangle-

- . ) . . ments and then obtained a Poisson (equilibrium) distribution
strictly with the number of particles (as a time step in molecular P.(n)
dynamics does), and it is, even for small systems, more efficient “
than the Z-code, while the Z-code already supersedes the
efficiency of dynamical approaches by 2 orders of magnitude, p(2) = Pﬂ(n) =
and is running more efficiently than a related (Monte Carlo)
approach “CReTA” implemented by Tzoumanekas and The-
odoroul3® From these recent investigations with Z1 we know
that the value of the line thickness chosen here {#) is too
small and may easily reach limits due to finite number precision.
Increasing this value to 10 A in the Z-code results in N
qualitative changes in the values lof, (actually Ly, tends to Z= ;bzp(z) =u+1 (A2)
increase) and of other related quantiti@e(] [EypL) Mppl), but =
the shapes of the presented distributions and consequently the
related discussions remain unaffected. The increase of the linei.e., u = [ZO— 1 = MO~ [N/Ne[Jand more explicitly
thickness to 10* A brings our results foiLp, in all studied
systems very close to the ones obtained by Tzoumanekas and _Zz- 15 e 2
Theodorou through the “CReTA" algorithm applied on the same p2) = (Z— 1)
atomistic trajectorie&® The revised plateau values dffig.[1=
43 £ 2, NO= 87 £ 20, and@,J= 40 + 8 A. Concerning For the second up to the fourth moments, eq A3 allows one to
Ne[J we should note that its absolute value as well as those of obtain the following expressions (written in terms of the first
the related quantities are affected by the definition of kinks moment[ZUonly):
adopted in each topological algorithm: for example, in the

Acknowledgment. The Patras team is indebted to Dow
Benelux B.V. and the Pythagoras Il Programme (co-funded by
d the European Social Fund and National Resources) for financial
support. We thank Prof. Doros Theodorou and Dr. Christos
Tzoumanekas for very useful comments and for making their
latest work available to us. This work was performed under the
auspices of the EU-NSF program (project MNIBS, Contract No.

Unlike traditional network models, the number of Kuhn steps
in an entangled strand has been treated by Scifeas a

n—u
ue
: (A1)

n
with n= (Z — 1), from an expression for the free energy (mainly

a coarse-grained random walk). Notice tlié\QLOp(Z) =1 for
any positive integeN, and

(A3)

Z-code two qualitative similar topological configurations may Z0= O3+ Z0- 1 (A4)
yield different number of kinks along the PP (see for example

Figure 3 in ref 12), while in the “CReTA" algorithm kinks Z°C= Z38 + 3203 - 220 1 (A5)
always occur as pairs (we refer the reader to ref 13 for more

details). On the other hand, both the Z-code and the “CReTA” Z'0=zt + 6z08 + Z08 — 9Z0- 1 (AB)
algorithms provide very similar predictions for quantities that

are free from such ambiguities (i.&pp, @pp, andbpp). which help to decide if the measure(?) coincides with that

With an efficient geometrical implementation at hand, users of eq A3 (without the need for any fitting parameters). For large
will be in the position to investigate the dynamics of coarse- Z: We can use Stirling’s formuld! ~ v27Z(Z/e)* to rewrite

grained polymeric systems “on the fly”, i.e., during a molecular €d A3 as

dynamics run. The analysis of the PP network had so far been 7 — 1021 Z-1-zZ-10

possible in a postprocessing step. On a modern single processor 2) = ( — 3 ¢ (A7)
architecture, Z1 requires not more than4®@ of computing Z—-1 [271(Z — 1)

time per particle, which is roughly 2 orders of magnitude larger

than the time needed to perform a single time step, i.e., the “on The distribution of eq A7 is closely related to that obtained by
the fly” extraction of the coarse-grained representation of the Rubinstei®® using “reptons”. Fromp(Z) we can directly
polymer sample at every 1000 time steps (which, for entangled calculate the distribution of strand lengtp@\.) as CDV
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= pZ g NN
0N = @ = ol =) 49

according to eq 4, for a giveN, with p from eq A3. Equation
A8 strictly holds for both pairsZ = Z, No = NeandZ = Z, Ne

= Ne. Using oversimplifying random walk statistics in a brutal
manner, in particular by assuming thi&= (N — 1) b? (for all

N), we can also predict distribution functions based on eq A3
such as the one studied in ref 14, namely

2

o = dZ N [Lop 2N Lyp
Pl =P =Pyl = v (A9
o) dL,, N—1\ g N—1R?
to obtain estimates af in the classical expressidH
L 2 /
P(Lyy) = A exp[—vméi - 1) ] A YV (A10)
D]'Pp@ |:ﬂ'pp@

by simply evaluating the second derivativepgZ) with respect

to Z at its maximum. UsingNe = 60, such a procedure for
infinite chain length yields ~ 2; in generaly is a decreasing
function of chain length. For example,~ 2.6 for N = 500,
and v ~ 3 for N = 300, based on eq A3. Despite the
oversimplifications made, these numbers are compatible with
the observations made in ref 14 that 2.9 based on an energy
minimization and’ = 1.4 based on length minimization. Lower
values ofv by roughly a factor of 2 (compared to the “expected”
ones), e.g.y < 2, are observed in this work (see, e.g., Figure
13).
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